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ONE-DIMENSIONAL INTERPOLATION 
INEQUALITIES, CARLSON-LANDAU INEQUALITIES 
AND MAGNETIC SCHRODINGER OPERATORS 

ALEXEI ILYIN, ARI LAPTEV, MICHAEL LOSS, SERGEY ZELIK 


Abstract. In this paper we prove refined first-order interpolation inequal¬ 
ities for periodic functions and give applications to various refinements of 
the Carlson—Landau-type inequalities and to magnetic Schrodinger opera¬ 
tors. We also obtain Lieb-Thirring inequalities for magnetic Schrodinger 
operators on multi-dimensional cylinders. 

1. Introduction 
The Carlson inequality [3] 

( OO ^2 / oo X 1/2 / CXD ^ 1/2 

( 1 - 1 ) 

k=l ' k=l ' k=l ^ 

has been a source of many improvements, rehnements and generaliza¬ 
tions (see H.ra and the references therein). The constant vr here is 
sharp and the inequality is strict unless {ak}^=i = 0. 

This inequality and its various generalizations are closely connected 
with classical one-dimensional interpolation inequalities for Sobolev 
spaces: 

||«||L < « = 1 - m > (1,2) 

In the case when x G M the sharp constant and the corresponding 
extremals were found in |13] : 

9^{\ — 9Y-^2msm.^ 

In the periodic case x G (0, 27r) with zero average condition the in¬ 
equality holds with the same constant (without extremal functions) [9]. 
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Furthermore, the hrst-order inequality with C(l) = 1 is equivalent 
(as was hrst observed in m) to fll.ll) by going over from to 

= SfceZo using Parseval’s equality. Here in what 

follows II • Iloo := II • IIlooi II • II := II ' \\l 2 , and Zq :=Z \ {0}. 

For all m > 1/2 inequality admits a negative correction term on the 
right-hand side 0. 1131. in particular, in the hrst- and second-order 
cases the correction term can be written in closed form 

||m||L ^ ll'^ll ll'^^ll —ll'^ll^) (1-3) 

TT 

< ^1^11 Ill'll _A||„||2 (1.4) 

II Iloo - ^1 II II II 3^11 II , V ; 

where all constants are sharp and no extremals exist. Again, for 
= SfceZo gives the following two improved Carlson 

inequalities 



with sharp constants. These inequalities are proved in ra.ia in the 
framework of a rather general theory and we give below in §[2] a new 
direct self-contained proof of fll.31) and fll.Sp . 

In §[3] we consider inequalities of the form 

||m|1L < ^(«)P^^^'«IIII“II (1-7) 


for 27r-periodic functions (no zero average condition), where 




p27V 

. du , . 

/ 

i - - a[x)u 

Jo 

dx ^ ’ 


dx 


is the quadratic form corresponding to the Schrodinger operator 

. , .du / X ^ ^ 

Au = I * ^- a[x)u 


with magnetic potential a G Li(0,27r). The sharp constant K{a) 
depends only on the hux 
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it is finite if and only if a ^ Z. In a somewhat similar situation consid¬ 
ered in ra the introduction of a magnetic field has made it possible 
to prove the Hardy inequality in In our periodic case a magnetic 
field with non-integral flux removes the condition u(x)dx = 0. 
The expression for K{a) is as follows 

«niod(l) e (0,1/4) U (3/4,1); g. 

^ \ 1, Q!mod(l) G [1/4,3/4], ^ ' 

In the first case there exists a unique extremal function and for a G 
[1/4, 3/4] there are no extremals and a negative correction term may 
exist. We show in §|l]that this is indeed the case and 

||m||L < a = 1/4, a = 3/4, 

||m|Ito ^ ||H^/^m||||m||( 1-I-2cos(27ra)e“^’^''"^^^^“'''^''“''), aG (1/4,3/4). 

(1.9) 

In §[3] we consider applications to Carlson-Landau inequalities. The 
Landau improvement of (II.Ih (see, for instance, 0) 

2 / oo \ 1/2 / oo \ 1/2 




oo \ 1/2 / oo 

al 

k=l 




“fc 


( 1 . 10 ) 

k=l ^ k=l ^ ^ k=l 

has a surprisingly short (and almost elementary) proof in terms of our 
interpolation inequalities. We recall the elementary inequality (which 
is (IT^ with m = 1) 


\u\ 


<|| m |||| m '||, ueHI{Q,L), 


( 1 . 11 ) 


following from 


2u{xY= / {u{tY)'dt- / (M(f)^)'df<2||M||||M'||. 

Jo Jx 

Given a (non-negative) sequence {ak}Y=i we set L = 1 and consider 
the function 


M(a:) = \/2 ^^(—l)^’''^afc sin(2fc — l)7rx, xG[0,1]. (1-12) 

k=l 

We have ||m||oo = u{'ii/2) = \/2YYk=i^k and by orthonormality, 

CXD CX) OO 

ll“ll^ = “ V2)^ai 

k=l k=l k=l 

(1.13) 

Substituting this into fll.lip we obtain inequality fll.lOp . 
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The refinement of (ll.llh obtained in [H] 

Ml < l|w|| Ill'll (1 - , u e HM, L) (1.14) 

or, equivalently, inequality fll.Qp in the symmetric case a = 1/2 give a 
sharp correction term to the Carlson-Landau inequality (ll.lOp 

. oo S 2 

< 7r||a||||a||i(l-2e-2"ll“lli/ll“ll). (1.15) 

k=l ' 


Next, using a second-order inequality in [Hj we obtain the following 
sharp inequality 



with unique extremal = 


^^coth(7r/2)||af/^||a||2^^ 

l/(2/c — 1)^ -|- 4). Here we set for brevity 


OO OO CO 

= M\l = Y^ik-l/2fal, ||a||^ = ^(fc - l/2)^a^. 

k=l k=l k=l 

( 1 . 16 ) 

The whole family of Carlson-Landau inequalities 

/ OO \ 2 / OO \ V2 / ^ X 1/2 

</c(a) 1 , (1-17) 

\fc=l / \fc=l / \A:=1 / 

is studied for a G [0,1) in Theorem 15.21 Obviously, k{a) = tt for 
a G [0,1/2] and, furthermore, for a G [0,1/2) we have a sharp L 2 - 
type correction term here, see fl5.6p . In the symmetric case 0 = 1/2 
the correction term is exponentially small, see fll.l5p . For a G (1/2,1) 
we show that k{a) > tt, moreover, k{a) ~ (1 — a)~^ as a —)■ 1“, and 
there exists a unique extremal. 

Finally, in §|6]we consider applications to the Lieb-Thirring inequal¬ 
ities and first give a new alternative proof of the main result in |1] on 
the one-dimensional Sobolev inequalities for orthonormal families of 
vector-functions along with generalizations to higher-order derivatives 
and 1-D magnetic forms. This gives the Lieb-Thirring estimate for the 
negative trace of a 1-D magnetic Schrodinger operator with a matrix¬ 
valued potential. Then we combine this result with the main ideas 
and results in n. ffl. i. and m to obtain in Theorem 16.41 esti¬ 
mates for the 1/2- and 1- moments of the negative eigenvalues of the 
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Schrodinger-type operator in x For example, for di = 62 = 1 
and the operator 




i-^ — a{x) ] — V{x,y)'^ = —X'^ 


on the cylinder M.y x we have the following estimates for its negative 
eigenvalues: 

1 




K{a) / V^^‘^{x,y)dydx, 


/RxSi 




k < 


1 


(1.18) 


8\/3 


K{a) 


/Mx§i 


V'^{x, y)dydx. 


For di = 2, (i 2 = 0 and the operator 

2 


-ai(a:i)^ -02(0:2)^ X 2 )d/=-AH/ 

\ dxi J \ dx 2 ) 

on the torus with ^ a{xj)dx ^ Z, j = 1, 2 we have 

^ Afc < ^ JF(ai)iF(a2) f V'^{xi,x2)dxidx2. (1.19) 


Note that in the region where K{a) = 1, the constants in (11.181) 
coincide with the best-known constants in the corresponding Lieb- 
Thirring inequalities for the Schrodinger operator in see i, 0. 
However, the constant in fll.lhp contains an extra factor 7 r/\/ 3 , since 
when we apply “the lifting argument with respect to dimensions” HH 
in the direction x, we do not have semiclassical estimates for the 7 - 
Riesz means with 7 > 3/2 for the negative eigenvalues in the periodic 
case. This factor along with K{aj) accumulates with each iteration of 
the lifting procedure with respect to the x-variables, see Theorem 16.41 


2. Proof of first-order inequality 

We consider the following maximization problem for 27r-periodic 
functions with zero average: for D > 1 hnd Y{D) - the solution of the 
following extremal problem 

V(D) :=sup{|m(0)|^ ||m||^ = 1, \\u'f = D}. (2.20) 

The next lemma gives an implicit formula for the function Y{D). 
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Lemma 2.1. The following expression holds for Y{D): 


V(B) = 


1 (E 


fceZo X+A^' 


1 


( 2 . 21 ) 


( 2 . 22 ) 


2^ Z)fceZo (A+fc2)2 

where A = A(iA) zs a unique solution of the functional equation 

EfceZo (A+fc2)2 ^ ^ 

(A+A:2)2 

Furthermore, A(l) = —1 and A(cxd) = oo. 

Proof. Using the Fourier series u{x) = 'Yhk&o and the Parseval 

equalities ||m||^ = lufcP, \\u'\f = for every 

A > — 1 we have by the Cauchy-Schwartz inequality 


Ko)r = 


fceZo 


< 


\Uk\ 


\keZo 






< 


< 


fceZo 

1 

2 ^ 


k£7jo 


UA||«f + l|u'll^)E 


k^WjQ 


A + P 


A + P 


(2.23) 


27r 


Moreover, for (and only for) 


^ "mip(a+ iifoiivhin ^ 


k£7jo 


A + P 


Uk = := const 


A + P 


the above inequalities turn into equalities. Fixing for dehniteness 
const := ^ we consider the function Gx{x) = ^ XlfceZo 
which 

||(GA)xr ^fceZo (A+fc2)2 


IIGaI 


1 =--DiX). 

q2 

(We also observe that G\ solves the equation -frG. + AG, = S.) 
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Then we see that for every hxed A > — 1 the normalized function 
^a(2^)/||Ga|| is the extremal function in problem fl2.20p with D = 
D{X), and the value of the solution function Y{D) is 


V(D) = -(A 




E 

E 




fceZo (A+fc2)2 




/cEZo 

1 (E 


A + P 


1 


feSZo A+fc2 . 


A + F 27r 


1 


feeZo ■ ' ■■ ^fceZo (A+fc 2)2 

We now have to show that there exists a unique A = X{D) solv¬ 
ing (12.2211 for every hxed iA > 1. We hrst observe that D{X) —)■ 1 as 
A ——1 and D{X) —?■ oo as A —)■ oo. It remains to show that D{X) is 
strictly monotone increasing. We have 


^ (E 


1 w 

fceZo (A + fc2)2 ) 


E 

fc.ieZo 


k^{k^ - f) 

(A + P)3(A + /2)3 


(E 


E 


P(P-/2) + /2(/2_^2) 


keZo (A+A:2)2y k,leZo,k>l 


(Ea 


^keZo (A+A:2)2 

The proof is complete. 

We set 


)= 


E 


fc,ieZo,fc>z 


(A +A;2)3(A + /2)3 
- / 2)2 

(A +A;2)3(A + /2)3 


> 0 . 


G(A) := Ga(0) = 


27r X + k"^ 

The following variational characterization of Y{D) is important. 


E 

keZo 


□ 


(2.24) 


Theorem 2.1. For a fixed D > 1 

Y{D)= min (A + T))G(A). (2.25) 

Ae[-i,cxD) 

Proof. Since G{X) —?■ -|-oo as A ^ —1 and G{X) = 0(A“^/^) as A ^ 
-|-oo, it follows that the minimum is attained for each hxed D > 1 at 
some point A* = A*(iA). Then 

— ((A + D)G{X)) |a=a* = 0, 


D 


G{X) 

G'{X) 


which gives 
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In view of (12.24^ this equation coincides with (I2.22p and therefore 
X^:{D) coincides with the unique inverse function X{D) constructed in 
Lemma O This gives 

(\{D) + D)G(\m = 

The proof is complete. □ 

Of course, it is impossible to hnd an explicit formula for the inverse 
function A = X{D), therefore it is impossible to hnd an explicit formula 
for '¥{D). However, it is possible to hnd the asymptotic expansion of 
V(iA) as iA —)■ cx). All that we need to know for this purpose is the 
asymptotic expansion of the function G(A) as A —)■ oo. This expansion, 
in turn, is found by the Poisson summation formula (or by means of 
the explicit formula fl2.32p h 

G(A) = — V as A ^ oo. 

^ ^ 27r ^ A + 2 27r ^ ^ 

fceZo 

(2.26) 

Lemma 2.2. It holds as D ^ oo 

Y{D) = _ 1 _ ^£)-V2 ^ op-1), (2.27) 

TT 27r2 

Proof. This is a particular case of the general result of Proposition 2.1 
in [13]. In addition to fl2.26p we have 

G'(A) = --A-3/2 ^ ^y-2 ^ o(X-^/^), (2.28) 

4 27r 

and, hence, 

- A = A + + 4 + 0(A-‘'2). (2.29) 

G (A) TT TT^ 

The well-dehned inverse function X(D) (see fl2.22p l has the asymptotic 


behaviour 

X(D) = D- -ZA^/2 _ 2 0(ZA-^/2) as ZA ^ oo. (2.30) 

TT TT^ 

Substituting this into fl2.26p . fl2.28p . we obtain for V(ZA) = — 

the asymptotic expansion fl2.27p . The proof is complete. □ 

The third term in fl2.27p is negative, hence, 

Y{D) < - - (2.31) 

TT 
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for all sufficiently large D > Dq. Therefore we shall have proved 
inequality fll.dp once we have shown that fl2.3ip holds for all D > 1. 
Moreover, Lemma [2.21 implies that both constants in fll.Sp are sharp. 

Theorem 2.2. Inequality (12.dip holds for all D >1. 

Corollary 2.1. Inequalities fll.31) and fll.Sp hold and all the constants 
there are sharp. 

Proof. By homogeneity and fl2.3ip . for a u G 

w(0)' < hirV < ||nf • M _ 1||^||2. 

□ 


Proof of the theorem. The proof is based on the variational represen¬ 
tation fl2.25p and the explicit formula for G(A): 


G(A) 


1 


E 

fceZo 


1 

A + P 


1 7r\/A coth(7r\/A ) — 1 
^ A 


(2.32) 


We estimate G(A) by a more convenient expression 

tt’k/X — 1 -T e~^'^ 

G{X) < -=: Go(A), (2.33) 

where the above inequality by equivalent transformations reduces to 
X < sinh(a;), x > 0. 

Thus, in view of fl2.25p and fl2.33p . for iA > 1 

YiD) < (A + ZA)Go(A)|,^(^,/,_^/,), =: Vo(i/(ZA)), 
where y = y{D) := — 1/2, y > 1/2 and 

Vo( 2 /) = (vri/ - 1 + e-^y) {y'^ + {y + 1/2)^). 

Now 

V(D) - + i < Vote) - (j,+ 1) + i = 

^ ^ ^ (2.34) 

= ^ + ‘^y+ P®""' - (4 - it)!/ - 1) =: 

Next, 

W'{y) = (—-|- (16 — 4:Tr)y + 4 — 7r)e~'^^ — 4 -|- vr 
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and the coefficient of e is negative for y >1/2. Therefore W'{y) < 0 
and W{y) is decreasing for i/ > 1/2 and 

W{y) < W{l/2) = - 3 + 7r/2 = -0.3898 < 0, (2.35) 

which completes the proof of fl2.3ip . □ 

Remark 2.1. The proof of inequality fl2.3ip in the last theorem is 
in the spirit of Hardy’s first proof [6] of the original Carlson inequal¬ 
ity fll.ip and is, in fact, self-contained and formally independent of the 
previous argument. It follows from (I2.23p that 

N{D) < (A + Z1)G(A), 

where A > —1 is an arbitrary free parameter. Therefore inequal¬ 
ity fl2.3ip will be proved if we succeed in finding such a substitution 
A = X{D) for which 

{\{D) + D)G{\{D)) < - - for all D>1. 

71 

Now estimates fl2.34p and fl2.35p in the proof of Theorem l2.2l are saying 
that the substitution X{D) = D — -1-1/4 will do the job. This 

substitution agrees in the leading term with (I2.30p . The lower order 
terms are ‘experimental’. Also, without knowing (I2.30p finding this 
substitution becomes much more difficult. 

On the other hand, the proof of sharpness is contained in Lemma 1^^ 
Alternatively, we can verify sharpness of fll.3l) (and fll.5p j at the test 
function Y^keZo letting A -)■ cx). 


3. Magnetic inequality 


We are interested in the inequality 


|m||L < K{a) 



du 

i - - aixju 

dx 


, y/2 

dx j 




r-27r 


\U[X 


X 1/2 

)\‘^dxj 


(3.1) 

where n is a 27r-periodic function (which may be a constant so no zero- 
mean condition is assumed), and a G L^(0,27r). Here K{a) denotes a 
sharp constant and we show below that it depends only on the flux 

1 

a := — a{x)dx, 

271 Jq 

and K{a) < cxo if and only if ci ^ Z. 


(3.2) 
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Constant magnetic potential. We first consider the case when 
a{x) = a G (0,1). Setting 

d ^ ^ 


A = [ i - - a 

\ dx 

we consider the positive-definite self-adjoint operator 

A(A) -.= A + XI, A > — niin(Q!^, (1 — o)^) 
and its Green’s function Gx{x,^): 

A{X)Gx{x,^) = S{x - 0 , 
which is found in terms of the Fourier series 


1 






271 (n + -|- A ’ 

neZ ^ ^ 


SO that 




271 in + -|- A 

nez ^ ' 


=: G(A), 


(3.3) 


The series can be summed explicitly (for instance, by the Poisson 
summation formula) 


G(A) = 


sm 


h(27r\/A) 


(3.4) 


2\/A cosh(27r\/A) — cos(27rQ;) 

By Theorem 2.2 in [T3] with 6* = 1/2 (see also Remark [3.ip 

^ = oe(^ ^ n\i-e ■ ^^G{X) = 2 sup \/AG(A) = sup F{^), 

t) [i — t)) A>0 A>0 <^)>0 

(3.6) 

where 

cosh if — cos(27ra) 

and = 27r\/A. Next, the derivative 


d ^ 1 — cosh (p cos (2710) 

dip (cosh (p — cos(27ra))2 


> 0 


if cos(27rQ;) < 0, that is, if a G [1/4, 3/4], so that in this case F is 
increasing and the supremum is ‘attained’ at inhnity, which gives 


K{a) = 1 


tor - < a < 

4 4 
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Otherwise, for a G (0, l/4)U(3/4,1) the function F{lp) attains a global 
maximum at 

(^,(«) = arccosh ( -^ 

\ cos /vra 



which gives 


K{a) = F(^,{a)) 


1 

sin(27ra)| 


Finally, it is clear from the argument as well as from the result that 
it is amod(l) that really matters. 


Non-constant magnetic potential. Now 


A = 



(3.6) 


and for the flux a defined in 03.21) let 

y2'K 

Then {p>n}^=-oo an orthonormal system in L2(0,27r). Note that 
since n G Z, these functions are periodic and also satisfy the equation 


d 

dx 





-{n + a)ipn 


and therefore we also have 


Ap>n = {n + afifn- 


In addition, the system {p>n}'^=-oo complete (since p>n{x) = c{x)e 
with |c(x)| = l/\/^). Then the Green’s function for the operator 
+ AJ equals 


Ga(x,0 


E 


Vn{,X-Cj 

{n + 0)2 -f A 


1 


E 


^i{n+a)(x-i)-a{y)dy) 

{n + 0)2 -I- A 


and the expression for Ga(^, 0 is exactly the same as in 03.3p and 
therefore everything after 03.3p is the same as in the case of a constant 
magnetic potential. 

Thus, we have proved the following result. 












MAGNETIC INTERPOLATION INEQUALITIES 


13 


Theorem 3.1. Inequality (13.11) holds for a ^ Z and the sharp constant 
K{a) is given by fll.Sp . Furthermore, /oramod(l) G (0, l/4)U(3/4,1) 
there exists a unique extremal function 



(3.7) 


where 



There are no extremals for a mod{l) G [1/4, 3/4], 

Remark 3.1. In our one-dimensional case and operators with explic¬ 
itly known spectrum and eigenfunctions it makes sense to give a direct 
proof of fl3.5p . In fact, using the Fourier series u{x) = 
and without loss of generality assuming that u{x) attains its maximum 
at X = 0 we have for an arbitrary A > 0 the following inequality 



G(A)(||V/\f+ A||«f). 


which turns into equality for u{x) as in (j3.7p. For A* = VWuf 

we see that 


A*||m 


2\l/^ \\A^/\ 


u 


and therefore 



OO 


2 


<2snpX^/^G{X)\\A^/\\\\\u 


A>0 


which shows that K{a) < 2sup;^>Q A^/^G(A). To see that we have 
equality here, we first assume that the supremum is attained at a 
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finite point A* < cxo. Then 


E 

fcez 


E 


1 

{k + a)2 + A* 
1 

(fc + + A* 


2A* V- 

fcez ((^ + + -^0 

2 (fc + 

fcez ((^+ 


2 ll'^A* II ] 
[=2\\A^i\a‘'] 


1 


? 


where the first equality is (A^'^^G(A))';)^^;^^ = 0, and the validity of the 
second follows from the fact that the sum of the two equalities is a 
valid identity. Since the left-hand side is equal to \/^||ma*||oo and 
A* = ||Al^/2.yAJlVll“AJ|^ recalling O we obtain 

= T. (E (TTto) = 2A.||«..fG(A.) = 
=2APG(A.)AP||t.,.||" = 2(APG(A.))p>/\A.||||t.,.||. 


This proves that K{a) = 2 supA>o A^/^G(A) if A* < oo. Now we look at 
the case when A* = oo. Let 2hmA^.oo A^/^G(A) = K' > K{a). Setting 
Hn{X) = we see that there exists a sequence 

N{i) —)■ oo and a sequence A(j) —)■ oo such that H]\f(^j){\{j)) —)■ K'. 
Since TrAr(O) = Hm{oo) = 0, it follows that HM{j){X) attains a maxi¬ 
mum at a A*(j) < oo. The previous argument shows that HM{j){\*{j)) 
is the sharp constant in our inequality restricted to Span {^n}n=lj^f(^jy 
Therefore 


K{a) > \imsup HN{j){X*{j)) > 1™ HN{j){X{j)) = K'. 

j^OO 

As we have seen both cases are possible depending on whether a G 
[1/4, 3/4] or a e (0,1/4) U (3/4,1). 


4. Correction term 

In the region a G [1/4, 3/4] no extremals exist and therefore the 
might be a correction term in fll.71) . By symmetry the cases a and 
1 — a are identical, therefore we can and shall assume that a G (0,1/2]. 
We now show that the correction term indeed exists. We consider the 
maximization problem 

V(D) := sup{|r(0)|^: \\uf = 1, = D}, D > a\ (4.1) 
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Similarly to Theorem 12.11 (see also the general result in Theorem 2.3 
in [13]) we have 

Y{D) = min G{X){X +D). (4.2) 

\>—a^ 

We hrst consider the cases a = 1/2 and a = 1/4. We recall the 
elementary inequality fll.lip and its rehnement fll.l4p obtained in [T3| 
and show that the case a = 1/2 or 1/4 essentially reduces to the proof 
of fll.l4p in [T3|. In fact, for a = 1/4 the key function fl3.4p becomes 


G(A) 


—tanh(27r\/A), 
2\/A 


1 



and therefore 


V(D) 


min G(A)(A + D) < min —— tanh(27r\/A)(A + D). 

A>-1/16 ' - A>0 2y/X 


Up to a constant factor in the argument of tanh the minimum on 
the right-hand side was estimated in [T3| (see (3.103), (3.104) there), 
where it was shown that 


1 

min —— tanh-(A + D) < y/D (l — 2e“^) (4.3) 

A>o 2yX 2 


Setting here /i = lOvr^A we obtain for Y{D) in fl4.ip with a = 1/4 

Y{D) < /D(1 - 2e"^^^). (4.4) 


The case a = 1/2 is similar. Now in (13.4p we have 

G{X) = tanh(7r\/A), « = 

and in a totally similar way we hnd 

Y{D) < min tanh(7r\/A)(A + D) < \/15 ^1 — . 

Thus, we have proved the following inequalities 

||m| 1L < pi/^u||||u||(l-2e-^^ll^'^'“ll/ll“ll), a = 1/4,3/4, (4.5) 

||u|l^ < ||Al^/2u||||u||(l-2e-2^ll^'^'“ll/ll“ll), a = 1/2. (4.6) 

The case a G (1/4, 3/4) can be treated using the general method 
of [13] • Our goal is to prove the inequality 

II“IIL £ ||/l'''^ti||||ti||(l + 2cos(27ra)e-^’'''‘'"“''''"'), 1/4 < a < 3/4, 

(4.7) 
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which is equivalent to 

Y{D) < /D(1 + 2 cos(27ra)e-^"^), D > ( 4 . 8 ) 

In view of fl4.2ll . to prove this inequality it suffices to find such a 
substitutiuon A = A*(iA) for which 

G{X,{D)){X,{D) + D) < /D(l + 2cos(27ra)e-2"^), D > o?. (4.9) 

The exact solution A = X{D) for the minimizer, that is, 

X{D) = argmin{G(A)(A + D)} 
is the inverse function to the function D = D{X) 

G{X) 


(4.10) 


D{X) = 


G'{X) 


-A. 


It is impossible to find X{D) explicitly. However, using fl3.4p we can 
find the asymptotic expansion 

D{X) = A - AnaXY^e-^^^ + 0(e-^"^) as A ^ 00 , 

where 

a := 2 cos(27ra). 

Therefore the inverse function X{D) (see (14.1011 ) has the asymptotic 
behavior 

X{D) = D + + 0(e-^"^) as D ^ cx), 

truncating which we set 

X,{D) = D{1 + 47ra/De-2"^). 

Returning to (14.Sp we find that 

GMD)){X,{D) + D) = VDA>{y), 
where y := and 

- ay log y 


^{y) ■= 


y 


2.yi~2ay\ogy 


y/l - 2ay log y 1 + y'i^/^-^iay\ogy _ g^y^l- 2 ay\ogy ' 

Therefore inequality (14.91) is equivalent to 

^{y)<l + ay (4.11) 

for y G [0,e“^™]. The function $(i/) has the asymptotic expansion 

$(l/) = l + ay + {-a^{\ogyf/2 -2 + a^)y‘^ + 0 {y^) as 1 / ^ 0+, 

in which the coefficient of the quadratic term is negative for all suf¬ 
ficiently small y. Therefore inequality (14.lip holds for all sufficiently 
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small y G [0,|/o]. The graphs of the function $(?/) — (1 + ay) on the 
whole intervals y G [0, for a = 1/3, 3/8, and 1/2 are shown in 

Fig. [H This ‘proves’ that inequality fl4.1ip holds for all y G [0, 





Figure 1. Graphs of $(i/) — (1 + ay) on y e [0, e 
for a = 1/3, a = 3/8, and a = 1/2; a = 2cos{27Ta) 

and we obtain, as a result, that the following theorem holds. 
Theorem 4.1. For a = 1/4 and a = 3/4 

while for a G (1/4, 3/4) 

All constants are sharp. 

5. Carlson-Landau inequalities 

One-dimensional inequalities of Loo-T 2 -T 2 -type with various bound¬ 
ary conditions are closely connected with Carlson-Landau inequalities 
and their various improvements. 

Carlson-Landau inequality with correction term. In the next 
theorem we show that both inequality (ll.7p in the symmetric case 
a = 1/2, and inequality (II. lip are equivalent to (ll.lOp . while their 
rehned forms fll.l4p and fl4.6p are, in fact, equivalent and provide a 
sharp exponential correction term to Landau’s improvement of Carl¬ 
son’s inequality. A sharp second-order Carlson-type inequality in the 
flavor of fll.lOp is also given. The notation introduced in fll.lbp is used 
in the following theorem. 
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Theorem 5.1. The following inequality holds 

2 


< 7r||a||||a||i (1, (5.1) 

k=l ' 


where all constants are sharp and no extremals exist. 
In the second-order case it holds 
2 


< 


k=l 


V2 


vr 




coth(7r/2)||a||^/^||a||2'^^. 


Inequality fl5.2p saturates at a unique extremal 

1 

— 


{2k - 1)4 + 4 ’ 


(5.2) 


(5.3) 


Proof. Given a non-negative sequence {ak}’^=i we construct the se¬ 
quence {&fc}^_oo by setting for A; = 0 , 1 ,..., 

bo = b-i := Oi, fei = b _2 := 02,..., = &-(fe+i) := Ofc+i, • • • • 

Then for a periodic function 

u{x) = J2bke^^^ 

k£Z 

we have 

00 00 

||m||oo = = 2^afc, ||m||^ = 2-K^hl = dvr^a^, 

k£X k=l fcEZ k=l 


and 


00 —CX> 

\\A'l\f = 2,!Y.^k + 1/2)X + 2;r ^ (A^ + 1/2)X = 

k=0 k=—l 

00 00 00 

= 2vr ^(/c - 1/2)X + 271 ^(/c - l/2)%f^ = dvr ^(/c - 1/2)X- 

k=l k=l k=l 

Substituting this into the second inequality in fl4.6p gives fl5.ip . 

An alternative and a simpler proof was given in § [Uby using fll.lip 
and its rehnement fll.ldp . 

As for the second-order inequality, for u G H'^{0,L) fl Hq{0,L) we 
have the sharp inequality [HI Theorem 3.9] 


(5.4) 
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saturating at a unique extremal function (for L = 1) 


OO 

k=l 


(_l)fc+i sin(2A; — 1)710: 
(2A:- 1)4 + 4 


(5.5) 


Setting L = 1, substituting u{x) from fll.l2p into 05.41) and taking into 
account that \\u"\\^ = 167r4^^^(A: — l/2)4a^ we obtain inequality 
05.11) . while the unique extremal 05.31) is produced by 05.5p . 

We hnally observe that unlike all the previous Carlson-type inequal¬ 
ities (namely, 01.11) . 01.51) . 01.6p . Ol.lOp . 05.ip l inequality 05. 2 p has a 
unique extremal 05.3p . □ 


Intermediate Carlson—Landau inequalities. In conclusion we con¬ 
sider the family of intermediate Carlson-Landau-type inequalities 01.171) 
in the whole range a G [0,1). In the case a = 1/2 the Carlson-Landau 
inequality was supplemented with an exponentially small remainder 
term in Theorem 15.11 

We now consider the region a G [0,1/2). Obviously, k{a) = vr and 
we show below that there exists a (sharp) correction term: 


( OO \ 1/2 / OO \ 1/2 OO 

fc=l / \fc=l / k=l 

(5.6) 

For a = 0 it is the classical Carlson inequality supplemented with a 
lower order term in 01.51) . 

To prove 05.6p we apply our method directly to sequences without 
going over to functions. We consider the variational problem: for 
D > (1 — aY hnd 



Y{D, a) := sup 



1 , Y^^- 

k=l 


In complete analogy with 02.23P and Theorem 12.11 we 


a)+ = £>|, 
(6.7) 

find that 


V(D,«)= min (A + H)G(A), 

a> —(1—a)^ 


(5.8) 


G(A) = 5^ 

k=l 


1 

{k — aY + A 


(5.9) 


where 
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Using the Euler -^-function 'ip{z) = -^\ogT{z) and its representation 


^(z) = -7 + ^ 


n=0 


we factorize the denominator in 


n + 1 n + z 
and hnd 


G(A) = 


^(■^(1 — a — iy/X) — "^(l — a + iy/X)) 
2yfX 


2y/X 


F(a,A) 


(5.10) 


Using the Stirling expansion for the '0-function 

1 1 




we get as A ^ cxo 


G(A) = - -(1 - 2a)A-‘ + 0(A-^), 


For the unique point of a minimum X{D) in 


we have the equation 


D = 
giving 


G(A) _ ^ 4(1-2a)- 

G'(A) TT TT^ 


0(A 


-1/2A 


X{D) = D- _ 2(1 _ 2af + (5.11) 

TT 

Substituting this into N{D^a) = — we obtain the expansion 

V(Z1, a) = - (1 - 2a) - ~ ji- 1/2 ^ o{D-^). 

2t\ 

The third term here is negative, hence 

V(D, a) < - (1 - 2a) (5.12) 

for all sufficiently large D. To see that this inequality holds for all D 
we truncate the exoansion (15.1111 bv setting 

TT 

and consider the explicitly given function 

V*(Z1, a) := {X,{D) + D)G{X,{D')). 

Since by dehnition N{D,a) < V*(Z1,ck), to establish (15.1211 for all D 
it suffices to show that the following function is negative 

R{p, a) := ¥4B, a) - + (1 - 2a) 
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for all D > {1 — a)^. We have the asymptotic expansion 

R{D,a) = -(1 - 2afD-^/‘^ + 0{D-^) 

giving that R{D, a) < 0 for all sufficiently large D. The graphs of 
R{D, a) for different a are shown in Fig. [2], where one can see a very 
rapid convergence to 0 for a = 1/2. 




Figure 2. Graphs of R{D,a) for a = 0, a = 1/4, 
a = 1/3, and a = 1/2. 

The case when a G (1/2,1) is qualitatively different and very similar 
to the ‘magnetic’ inequalities in Theorem 13.11 Namely, k{a) > vr and 
there exists a (unique) extremal in (ll.lTh . In fact, repeating word 
for word the argument in Remark 13.11 (replacing Xlfcez Xlfeeu) 
obtain that 

k{a) = 2sup\/AG(A) = sup F{a, A), 

A>0 A>0 

where F is defined in (15.1 Oh . Since limA^.oo F{a, A) = tt, it follows that 
k{a) > TT. The supremum is, in fact, a maximum, that is attained at a 
(unique) point A*(a), for which A*(q!) ~ (1 —a)^ and k{a) ~ 1/(1 —a) 
as a —)■ 1 “ (this easily follows from the asymptotic behavior of 'ip{z) 
near 0: il){z) = —7 — l/z + 0{z‘^)), see Fig. [3l 

Thus, with the help of reliable computer calculations we obtain the 
following result. 

Theorem 5.2. Inequality fl5.6h holds for a G [0,1/2). The constants 
are sharp, no extremals exist. 

For a G (1/2,1) the sharp constant in fll.l7p is 

k{a) = maxi('i/(l — a — iy/X) — -^(1 — a + iyfX)). 
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Figure 3. Global maximums of F { a , X ) for a = 0.99, 
a = 0.9, a = 0.6. 

The maximum is attained at a (unique) point A* (a) and there exists a 
unique extremal 

1 

(fc - ay + A*(a) 

6. Lieb-Thirring estimates for magnetic Schrodinger 

OPERATORS 

One-dimensional Sobolev inequalities for matrices. In this sec¬ 
tion we give an alternative proof of the main result in [1] along with 
its generalization to higher order derivatives and magnetic operators. 
Let {(t)n\n=i tie an orthonormal family of vector-functions 

(f)n{x) = 1 ), . . . , (i)n{x, M)Y' 

and 

^ ^ r _ r _ 

(0n,0m) = y' / 4>n{x,j)cl)m{x,j)dx= / (^n^x)'^(l>m{x)dx = 6nm- 
j=i Jd Jd 

Here D = 'R oi D = EX. In the latter case we assume that for all n 
and i 

2tt 

(i)n{x,j)dx = 0 . 

We consider the M x M matrix U{x,y) 

N 

U{x,y) =^(j)n{x)(j)n{y) 

n=l 



( 6 , 1 ) 
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SO that [U{x,y)]jk = En=i i)0n(|/, A;). Clearly, 


U{x,yr = U{y,x) 


and by orthonormality 


N 


ID 


U{x,y)U{y,z)dy = V / (j)n{x)(j)n{y) 4>n'{y)(pn'{z) dy 
„ Jd 


n,n'=l 


N 


^(f)n{x)(t)n{z) =U{X,Z). 


n=l 


In addition, U{x,x) is positive semi-dehnite, since {U{x,x)a,a) = 
Theorem 6.1. Let m > 1/2. Then 

^ NM 

Ti\U[x, xy‘'^^^]dx < C'(m)^™' EE/ \(l>^r\xd)?dx, (6.2) 


Id 


n=l j=l 


where C{m) is defined in fll.2p . In particular, for m = 1, 2 

^ NM 

i:i[U{x,xf]dx < mi iys^.3)?dx, 

n=l j=l 
N M 


ID 


ID 


ID 


TT[U{x,xf]dx < f \(j)’f{xj)\‘^dx. 

n=ij=i dn 


Proof. We first consider the periodic case. We write 


U{n,x) = 




so that 


We have 


iyk 


U{y,x)dy 


U{y,x) = - 7 K=^(k,x) . 

N 3,71 


fceZo 


f2n 


^U{k,xyU{k,x) = I U{y,x)*U{y,x)dy = U{x,x), (6.3) 

fceZo do 

where Zq = Z \ {0}, and we further have 


\k\^'^U{k,xyU{k,x) 

keZo 


r-27r 


idl;">U(y,x)Ydl;">U(y,x)dy 
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SO that by orthonormality 


Tr 


f*2TT 

^\k\^'^U{k,x)*U{k,x)dx 


kez 


= Tr 


f27r /•27r N 


'0 ^0 


Tr 


N 


'^<P^r\y)4>^rr\y) dy 


^ (j)^j\y)(j)n'{x) (j)n{x)(pr'\y) dxdy 

N M 


Ti,n'=l 


n=l 


j.y j.yu pZlT 

n=l j=l “'0 


Now consider 


(6.4) 


/cEZq 


Axk 




ETr 

keZo 


[|+ K{xf^]-^/‘^U{x, xf^U{k, x) X 




Axk 


\/^ ’ 


where A(a:) is an arbitrary positive dehnite matrix. Using below the 
Cauchy-Schwarz inequality for matrices we get the upper bounds 

Tr[U(x,a:)2™+^] < 

V |Tr [[\kAl + Aixf'^Y^/^Uix.xf^ X 




lJ{k,x)[\kAl+ K{xf^Y/^ 

2m^ \ 1/2 


< 


-= W (IV [U(x,xf’"\\k\'‘’^I + h(xf’"]-X(x,x)‘"']f‘ X 

keZo 


Tr 


[\kAi + A{xy"^]u{k, xyu{k, x) 


1/2 


< 


V 


1/2 


J2TT[u{x,xy^[\kAi+ A{xy^Au{x,xy^] x 


keZo 


1/2 


Tr \[\kAl+ A{xy^]u{k,xyu{k,x) 
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For the first factor we have 

Tr [U{x, xf^[\k\^^I + A{xf'^]-^U{x, xf^] 


fcSZo 

Tr 


< 


U{x, xf^ [\k\^^I + A{xf^]-^U{x, xf 

fceZo 

27rc(m) Tr [f/(x, , 

where we have used the matrix inequality 

^[|A:|2"^/ + A(x)2"^]-^ < 27rco(m)A(x)-(2"^-^), Co(m) 


k^ljQ 


2m sin 

2m 


(6.5) 

In fact, the action of the matrix on the left-hand side on each eigen¬ 
vector e = e(x) of A(x) with eigenvalue A = A(x) > 0 from the 
orthonormal basis {ej{x), Xj{x)}Y results in multiplication of it by 
the number ^ 


for which we have 


E 

fcSZo 


fceZo |fcP”^+A2"» 

_(2m—1)^ \ ^ _ 

|^|2m + y2m “ y (Ifcl/Al^™ 1 

k^ljQ 


< 


^-{2m-l) 2 


dx 


X2m ^ I 


= A ^^27rco(m), 


since the function l/(x^"* -I- 1) is monotone decreasing on [0, cx)). 
For the second factor we simply have 

Y Tr [ [\k\^^I + A{xf^]U{k, xyU{k, x) 


Y Tr \\k\^^U{k,xyU{k,x)\ + Tr \A{xy^U{k, xyU{k, x) 

keZo fceZo 

If we now chose A(x) = {3{U{x,x) + el) and let e —?■ 0 we obtain 
(observing that A^™/(A -|- —)■ as e —)■ 0 for A > 0; this is 

required in case when U{x, x) is not invertible) 

Tt[U{x,x)^^+^] < b/2Tr[t/(x,x)2”^+Y/2x 

^Tr [|fc|2™L((A:,x)*[7(fc,x)] + /3^^Tt[U{x,x)^^+Y , 

\k£Zo / 
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where we have also used (I6.3jl . or 

Tr Vk\^^U{k,xyiJ{k,x) \ + ^ Tr[f/(x, a:)2"^+^] 

fceZo 

If we optimize over /3, we obtain 

1 


Tr[f/(a;,a;) ] < Co(m) 


09(^1 _Q)i-e 


X 


(Ti[U{x,xy"^+^]\ fj^Tr \\k\^^U{k,xyU{k,x) 






i-e 


or 


TT[U{x,xy"^+y < C{my^ Y \k\‘^'^u{k,xyu{k,x) 

fceZo 

If we integrate with respect to x and use (16.41) . we obtain (16.2p . 

In the case of x G M the proof is similar. We use the Fourier 
transform instead of the Fourier series and the matrix equality 

POO 

/ [\p\^^I + A{xy^]-^dp = 27 rco(m)A(x)-('™-^) 


instead of 


□ 


The one-dimensional periodic magnetic case is treated similarly. 
Suppose that as before we have a family of orthonormal periodic 
vector-functions (no zero average condition is assumed). As before 
we construct the matrix U (16.ip . 


Theorem 6.2. The following inequality holds 



N M „ 2 n 

TT[U{x,xy]dx < K{af EEL \iidx 

n=l j=l "'0 


where K{a) is defined in (II.Sp . 


a{x))(j)n{x,j)\‘^dx, 

( 6 . 6 ) 


Proof. We define the matrix Fourier coefficients for all n G Z. We now 
have 


'Y^ U{k, xyU{k, x) 
keZ 



U (?/, xyUiy, x)dy = U(x, x) , 
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and 

+ a)'^U{k,xyU{k,x) 


o2n 


[{idy - a)U{y, x)]*{idy - a)U{y, x)dy 


kez 


'0 


so that instead of (16.41) we now have 

r2TT 


'0 


N M ^27r 

E('=+ afU{k,xyU{k,x)dx -EEL \{id:^-a)(pnixj)\‘^dx. 

fcez n=l j=i 

(6,7) 


As in the proof of Theorem 16.11 we have 


TT[U{x,xy] < 


1 f 


1/2 


-J= ^Tr [U{x,xy[{k + afl + KLxf] ^ULx.xf] 

\k£Z 

Tr [ [{k + ay I + A{xy]U{k, xyU{k, x) 


X 


1/2 


, fcez 


Now as a matrix inequality 

y~~^[(/c + ay I + A(a;)^]“^ < 7rK{a)A{x)~^, 


kez 


since the action of the matrix on the left-hand side on an eigenvector 
e = e{x) of A(a;) with eigenvalue A = X{x) is a multiplication of it by 
the number ^k+af+x^ 


kez 


{k + ay + X^ <7rK(a)^. 


If we again set A(a;) = (3(11 {x, x) + el) and let e —)■ 0 we obtain 

TT[U{x,x)y < 


< 


1 '^{k + a)^ Tt[U( k, x)*U(k, x)] -h /? Tr[17 (x, x)^]^ . 


fcez 


If we optimize over (3, we get 
Tr[f/(x, x)^] < 


1/2 / X 1/2 

< K{a) ( 22(k + ay TT[U{k, xyU{k, x)] j ( Tr[U{x, x)=^] 

^fcez ^ 
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and hence 

Tt[U{x, < K{af TT[U{k, xyu{k, x)] 

fcez 

from which our inequality follows by integration in x and using fl6.7p . 

□ 


Remark 6.1. In the scalar case M = 1 inequality (16.6p becomes 

27V / ^ \ 3 ^ p27v 

dx<K{af'^ / \{ida, - a{x)) (t)n{x)\^ dx 

n=l ■' n=l 


( 6 , 8 ) 


and follows from (13.11) by the method of [5]. 

Theorem 16.21 is equivalent to the estimate of the negative trace of 
the magnetic Schrodinger operator 


H 



(6.9) 


in L 2 (S^) with matrix-valued potential V. 

Theorem 6.3. Let V>0 be aMxM Hermitian matrix such that 
Tr 1/^/2 e Li(M). Then the spectrum of operator (16. 9 h is discrete and 
the negative eigenvalues — A„ < 0 satisfy the estimate 


^ 2 
“ 3\/3 

Proof. (See [1].) Let {(l)n}n=i be the orthonormal eigen-vector func¬ 
tions corresponding to {— 




o2-k 


K{a) / Tr[I/(x)3/2]da:. 


( 6 . 10 ) 




Then, using fl6.6p and Holder’s inequality for traces 

Ti[AB] < (Tr([(H*H)^’/2])i/p(Tr([(R*R)P'/2])^/^’' 
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and setting below X := Trl[/(x, x)^]dx we obtain 


N 


A, 


n=l 


N M „2n 


-27r 


-EE 

n=l j=l 
-27r 

< 


\{idx — a{x))(j)n{x,j)\'^dx+ / TT[V{x)U{x,x)]dx < 

Jo 

2/3 


TT[V{xf/^]dx j _ K{a)-^X. 


Calculating the maximum with respect to X we obtain fIb.lOp . □ 
Let 


= 

{2'kY 




r(7 + i) 


2d^d/2YYj + d/2 + 1 ) 


( 6 . 11 ) 


By using the Aizenmann-Lieb argument [T] we immediately obtain the 
following statement for the Riesz means of the eigenvalues for magnetic 
Schrodinger operators with matrix-valued potentials. 

Corollary 6.1. Let l/>0 be a M x M Hermitian matrix, such that 
Tr g Li(0, 2ti). Then for any 7 > 1 the negative eigenvalues of 

the operator (16.91) satisfy the inegualities 

TK<L-,.i Tr|VM‘/ 2 +’] cii, 

Jo 


where 


Proof. It is enough to prove this result for smooth matrix-valued po¬ 
tentials. Note that Theorem 16.31 is equivalent to 


E^ 


^271 /•CO 


n < 


3\/3 




cl \-l 


Tr 


-V(x))_ 


dfdx 

271 


Scaling gives the simple identity for all s G 


si = a 


p-Ys + t)_dt, C-^ = 8^-1,2), 
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where B is the Beta function. Let be eigenvalues of the 

matrix-function V{x). Then 


n ^ ^ 

2K{a) 


^{ — Xn+t)_dt 


CO p27T /•CO 


3^3 


2K{a) 

Cy 

3\/3 

Lti 

2K{a) 

A?,; 

3\/3 

2 L' 


Jo Jo J —oo 

^ /•CO p2n poo 

E 


' 0 ^0 J —CO 

r*27V poo 


Tr 


f^-'Tr {\^\^ -V{x)+t)_ 

d^dx 


d^dx 


27r 

d^dx 

271 


dt 


dt 


0 J —CO 
cl p 2 tt 


(|^p-r(i))l 


2ir 


^Cl p27T 

K{a)-^ / Tr[l/(a:)^/2+T'] rfa:. 


□ 


Magnetic Schrodinger operator in x M™. Let us consider the 
eigenvalue problem for the Schrodinger operator "H in L 2 (T'^^ x 


= -Ay^ + (* - A{x)f T - V{x, y)^ = -AT, 

(x,I/) e X (6.12) 


where 


X is the standard torus of dimension di and 

di—times 


A{x) = (ai(xi),... adi(xdj) 

is the magnetic vector potential in the “diagonal” case aj{x) = aj{xj). 
Assume that 

1 

oij = — / aAxj) dxj ^ Z, 1 < j < di- 
2vr Jo 

Then we have 


Theorem 6.4. Suppose that the potential V{x,y) > 0 in (16.121) and 
V G L^_^.(^di+d2)/2{'^^^ X If J > 1/2, then the following bound 

holds for the negative eigenvalues: 

f V+^‘‘‘+'‘‘>/^(x,y)dxdy. (6.13) 

„ dT‘^ixR‘'2 
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Here, ifdi,d 2 > 1 and 1/2 < 7 < 1, then 

L^4l+d2 ^ R'y,di+d2 2 


di 


■y,di+d2 


3V3J {LfjY^ J-jl 


nA'(ai) 


= 2 


di 


di 




V3/ 


i=i 


and, if di >l,d 2>0 and 7 > 1, then 

L'y,di+d2 — 2 • 

Proof. As in Corollary 16.II it is enough to prove this result for smooth 
compactly supported potentials. We shall use the so-called “lifting 
argument with respect to dimensions”, see | 11 ] . 

Let X = {xi,x') and y = {yi,y'), where x' e and y' G 

and let A{x) = {ai{xi), A'{x')) . Denote 

-A' = -(V,0^ -Aa = (* V. - A{x)f , - ^{x')f . 

By applying the result in [ 8 ] on the 1/2-moments we have 

n n 

<^A7(-aj, -(-a^-a'-v')7 

n 

< 2 Lf/ 2 ,i [ TT[-AA-A'-V]_dy, 

Jr 

= 2 ^ 5 / 2,1 {{idcci - - Aa' - A' -V{x,yi,y')) dyi 

n 

< 2 Lf/ 2 iy' [ Xn({idxi-ai{xi)f-{-AA>-A'-V{x,yi,y'))_)dyi. 

n J^ ^ ^ 

Then Theorem 16.31 implies 

a 7 (w) < /<■(«,) 

Tr [-Aa' - A' -V (x, yi, y')f_l‘^ dx^dyi. 



Now we hrst repeat this argument di — 1 times “splitting” the operator 
(*V' — A'{x))^ and using Corollary 16.11 Then repeat it again ^2 — 1 
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times “splitting” the operator A' and using the semiclassical estimates 
for the 7 -Riesz means with 7 > 3/2 for the negative eigenvalues of the 
Schrodinger operators with matrix-valued potentials m- Finally we 
obtain 


/di+d2 — l \ / „ \ di 

n^(v) 

X f dxdy. 

xM ‘‘2 


In order to prove (16.131) for the case di,d 2 > 1 and 1/2<7<1, h 
remains to notice that (see (16.111) 1 


dl +<^2 ~1 

n 

1=0 


L 


cl 

7,(il+d2' 


For the proof of the case di > 1, d 2 > 0 and 7 > 1 we argue similarly, 
but we omit the first step in the previous argument starting directly 
with 1 -moments. □ 


For the special cases di = d 2 = I and di = 2, d 2 = 0 we state the 
following corollary of Theorem 16.41 


Corollary 6.2. Suppose that the potential V{x,y) > 0 in fl6.12p . 
Then for di = d 2 = I the following bounds hold for the 1/2- and 
1-moments of the negative eigenvalues: 


k 

< 

k 


3^3 

1 

8\/3 


K{a) 

K{a) 


/Mx§i 


y)dydx, 
V'^{x, y)dydx. 


For di = 2, d 2 = 0 we have 


^ K{ai)K{a2) / V‘^{xi,x2)dxidx2. 
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